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Abstract. In this paper we prove that a Gaussian white noise on the d- 
dimensional torus has paths in the Besov spaces B p ^ 2 (T d ) with p £ [1, oo). 
This result is shown to be optimal in several ways. We also show that Gaussian 
white noise on the d-dimensional torus has paths in a the Fourier-Besov space 
^p,oo P (T ti ). This is shown to be optimal as well. 



1. Introduction 

In [2] it has been proved that the Gibbs measures are invariant for the nonlinear 
Schrodinger equation. Building on these ideas, in 11] and also in [10] it has been 
shown that the mean zero Gaussian white noise on the torus T is invariant for the 
periodic Korteweg-de Vries equation (KdV) . To prove this one needs that (KdV) is 
well-posed for initial conditions from function spaces with a negative smoothness 
index, such as Sobolev spaces H S,P (T) with s < and p € [1, oo] and other classes 
of function spaces. Here a negative smoothness index s is needed, because it is 
well-known Gaussian white noise is supported on !")«<:— 1/2 H s ' p \ H^ 1 / 2 ^. It seems 
that the first results on the support of Gaussian white noise into this direction have 
been obtained in [T2] for p — 2 and in [5] for other values of p. Note that both [T2] 
and [8] consider processes on M. d instead of the torus. 

In many instances, Besov spaces are the right class of function spaces in order to 
prove sharp results. This is also the case for regularity results for paths of Brownian 
motion and other classical processes. Sharp results for such processes have been 
proved for instance in [3] [4j [13] using an equivalent wavelet definition of Besov 
spaces. In particular, in these papers it has been shown that Brownian motion 
B:[0,l]xO4l satisfies 

P(fl6 5^(0,l))=l. 

In [6] [16] this has been proved directly from the L p -incremental definition of Besov 
spaces. Formally, one could say that white noise in dimension one is given by B, 

—1/2 

and therefore, Gaussian white noise is in i? p .oo almost surely. In this paper we 
combine some of the ideas in [5] [5] with Fourier analysis to obtain sharp results on 
the regularity of Gaussian white noise. 
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It might be helpful for non-experts to recall some elementary embedding results 
for Besov spaces and Sobolev spaces. Here we follow the standard notations as in 
[21 [IS]. Of course one has that B 2 2 = H s ' 2 . This is no longer true for Bp 2 and 
H s ' p with p 2. One has the following embedding results (see [HI 2.3.3] for R d 
and HU Chapter 3] for T d ) 

/>';., > a' 1, > <>;■,■ if ^> 2 > 

( ' } B s p!p H s * B s p>2 if 1 < p < 2, 

and, for any e > and p, g,r,s£ [1, oo], 

In the paper we consider the following question: 

• On which Besov spaces is the c£-dimensional Gaussian white noise W : il — >• 
T d supported? 
Our main result is that for all p 6 [1, oo) one has 

W € Sp;^ 2 (T d ) almost surely. 

Moreover, we show that this is optimal in several ways. In particular, the known 
results on Sobolev spaces H s,p (T d ) can easily be derived from our results. 

Let us go back to the approach in [10] to study the (KdV) . In order to prove well- 
posedness of the (KdV) with a white noise initial condition, a new class of function 
space is introduced which is a Fourier- type Besov space denoted by b pq (T) (see 
Section 2]). An important step in the proof in [TU] of the invariance of Gaussian 
white noise for (Kdv) is that Gaussian white noise satisfies W £ bp x (T) almost 
surely for all s < —1/p and all p £ [1, oo). It is natural to ask what the optimal 
exponents (s,p, q) are for which W € 6p i00 (T) almost surely. Our main result here 
is that for all p £ [1, oo) one has 

W £ b- d JP(T) almost surely. 

Again this is optimal in several ways. 

Acknowledgment - The author thanks Jan van Neerven for helpful comments. 

After posting this paper on ArXiv, Arpad Benyi and Tadahiro Oh kindly pointed 
out that there is some overlap with their paper [T] , in which similar techniques are 
used to characterize the exponents (s,p, q) for which a Brownian motion on T is in 
B^ (T) and in bp „(T). In fact, in dimension d = 1 some (but not all) of our results 
could alternatively be deduced from theirs. 

2. Preliminaries 

We will write a < b if there exists a universal constant C > such that a < Cb, 
and a ~ b if a < b < a. If the constant C is allowed to depend on some parameter 
t, we write a <j b and a ~t b instead. 

2.1. Besov spaces of periodic functions. Let (j> £ C 00 (IR' i ) be a fixed nonnega- 
tive function cj> with support in {t £ R d : \ < \t\ < 2} and which satisfies 

<t>(2~ j t) = 1 for t £ R d \ {0}. 

jez 

Additionally assume that ef>(x) = 1 for all 2" 1/2 < |sc| < 2 1/2 . 
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Define the sequence (<fj)j>o in C°°(R d ) by 

<Pj(t) =<j>{2-H) for j = 1,2,... and <p {t) = l-^^-(i), £e 



fc>i 



Then all the functions ipj have compact supports. 

Let T d = [-7r,7r] d . Let J? : L 2 (T d ) -> ^ 2 (Z d ) denote the Fourier transform, i.e. 



(&f)(k) = f{k) = (2ir)- d / f{x)e-^ x dx, f G L (T ) 

The space 2>(T d ) is the space of complex-valued infinitely differentiable functions 
on T d . On 3!(T d ) one can define the seminorms 

||/||„= sup \D a f(x)\, 

where a — (a%, . . . , ad) is a multiindex, and in this way S)(T d ) is a locally convex 
space. Its dual space @'(T d ) is called the space of distributions. In particular, one 
has g G &{T d ) if and only if there is a N G N and a c > such that 

K/,s>l<c £ |/||«. 

M<iV 

For details we refer to P31 Section 3.2]. In particular, recall the following two facts 
which we will not need, but are useful to support the intuition. 

• Any function / G 3>(T d ) can be represented as 

f(x) = a ^e lk - x in @(T d ), 

with (a/c)fc e z scalars such that 

(2.1) sup (1 + |fc|) m |a fe | < oo for any m G N. 

kez d 

In this case, one has at = f(k) for each k G Z d . Conversely, if (ak)kei, d 
satisfies (|2.1[) . then X^fceZ"* a k& lk ' x converges in 3$(T d ). 

• Any distribution g G S>'(T d ) can be represented as 

with (a/c)fcgz scalars such that 

(2.2) sup (1 + |fc|) -m |a fc | < oo for some m G N. 

fcez d 

In this case, one has = g(k) for each fc G Z d . Conversely, if if {ak)kei d 
satisfies (|2T2]l, then £ feeZ£i a k e lk ' x converges in ®'(T d ). 

For a distribution / G ^"(T d ) let j £ S>{f d ) be given by 



fj{x)=Y, ¥>i(*)/(*)e*", ieN. 



By the properties of {fj)j>o the series in j has only finitely many nonzero terms. 
Observe that 

(2-3) fj(x) = & * f(x) = (£,>,/) 

where (f>j{x) = J2kez d <Pj(k)e lk ' x and <pj, x {y) = &(a: - y). 



4 



MARK VERAAR 



Definition 2.1 (Periodic Besov spaces). Letp,q£ [l,oo]. Let 

\\f\\B* P jr*) ■■= (^«\\f j \i Hrd) y /q , 

j>0 

if q < oo, and 

ll/lls| ooCT") : = su P 2SJ \\fj\\Lp(T") 

j>0 

if q = oo. The Besov space Bp q (T d ) is the space of all distributions f e @'(T d ) 
such that ll/Hfls (t<«) < oo. 

One can show that the definition of 00 (T d ) does not depend on the choice of 
<j). Moreover, with two different functions <j>, the corresponding norms in B^ oc (T d ) 
are equivalent (see [14l Section 3.5.f]). 

2.2. Vector- valued Gaussian random variables. Let be a probabil- 

ity space. Recall that 7 : f2 — > R is a complex standard Gaussian random variable 
if 

7 = 7Rc/V2 + iji m /V2, 

where 7r c and 7i m are independent real standard Gaussian random variables (see 

[7J Chapter 5] for the definition of real Gaussian random variables). Let (j n )n=i be 

a sequence of independent complex standard Gaussian. It is easy to check that the 

distribution (71, . . . , 7^) is invariant under unitary transformations and Yln=i a nln 

1/2 

has the same distribution as 1 1 a 1 1 2T1 ^ where 1 1 ct 1 1 2 = (^2n=i l a «l 2 ) • particular, 
(2.4) (E| ^ 7n a„| P ) 1/P = ||7i||L P( n)(E l a «| 2 ) 1/2 ' 

fc>l n>l 

Let K be either R or C. A random variable 7 : — > K is called a (complex) Gauss- 
ian random variable if 7 G L 2 (Q) and E(7) = and 7 / /(E|7| 2 ) 1 / 2 is a (complex) 
standard Gaussian random variable. Note that all our Gaussian random variables 
are centered by definition. 

Let A be a (complex) Banach space. A strongly measurable mapping £ : f2 — » A 
is called a (complex) Gaussian random variable if for all x* G A*, (£,x*) is a 
(complex) Gaussian random variable. Observe that if X is a complex Banach 
space, then we can consider A as a real Banach space and denote this by An. 
Let X' be the dual space of Ar. One can show that for every function x' E X' 
there exists a unique x* € A* such that x' = Re(a;*). Moreover, one can define 
x* : X — > C as (x, x*) — (x, x 1 ) — i(ix, x 1 ). Now if £ : £1 — > X is a complex Gaussian 
random variable, it follows that £ can be viewed as a real Gaussian random variable 
with values in Ar. Indeed, for any x' € A', let x* £ X* be as before. Then one 
has (£,,x') — Re((£, x*)), and the latter is a real Gaussian random variable. 

From the above discussion one can deduce that all results on real Gaussian ran- 
dom variables, have a complex version. Of particular interest is the weak variance 
of a complex Gaussian random variable. Define the complex and real weak variances 

by 

o*(0 = sup{(E|(£,x')| 2 ) 1/2 : x' € A', \\x'\\ < 1}, 
*c(0 - sup{(E| I 2 ) 1 / 2 : x* e X\ \\x*\\ < 1}. 
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Lemma 2.2. Let £ : D, — > X be a complex Gaussian. Then 

4(0 = ^(0- 

Proof. Given x* G X* we can write (f, a:*) = 2~ 1 / 2 a(7i +172) with a > and 71, 72 
independent standard Gaussian random variables. Then one has E|(£,x*)| 2 = a 2 . 
Letting x' = Re (a;*), one has ||x*|| = ||x'|| and E|Re ((£, x'))| 2 = a 2 /2. This proves 
°c(£) — To prove the converse let x' G X* , and define x* : X — > C as in the 

discussion before the lemma. Then x* G X* with Re (a;*) = x' , hence |jx*| = ||x'||. 
The first part implies Oc(£) > |or(£), and the result follows. □ 

The following result follows from immediately from the real setting in [5] and 
Lemma 12.21 It is a crucial ingredient in the proof of our main result Theorem 13.41 

Proposition 2.3. Let X be a complex Banach space. Let (£ n )n>i be an X- 
valued centered multivariate complex Gaussian random variables with first moments 
{m n )n>i o,nd complex weak variances (cr n )n>i- Let m — sup n>1 m n . Then 

Esup||£„|| < m + 3v / 2pe((cr n )„>i). 

n>l 

Here pe(a n ) n >i) denotes the Luxemburg norm in the Orlicz space £ e , where 
9 : M+ -> R+ is given by 9(0) = and 

9(x) = x 2 exp ^ — 2~~2 ) ^ or x > ^' 

We refer to [6] and references therein for details. For the purposes below it is 
sufficient to recall that (see [SJ Example 2.1]) if a n = a n with a G [1/2, 1), then 

(2.5) pe((a n ) n >i) ~ y/log[(l - a)' 1 ]. 

Moreover, if a n = a n with a G (0, 1/2), then a n < 2~~ n and therefore (|2.5[) yields 

(2.6) Pe(K)„>i) < Pe((2~")„>i) ~ Vlog(2). 

Remark 2.4. In the case that the elements (£ n )n>i are independent, Esup n>1 ||£ n || 
is equivalent to m+/5e((cr n ) rl >i). Moreover, the independence assumption can even 
be weakened (see [16]). 

Finally, recall that M > is a median of a centered (complex) Gaussian random 
variable £ : 57 — >• X if 

P(||£|| < Af) > 1/2 and P(||£|| > M) > 1/2. 

3. White noise and Besov spaces on T d 

Let (fl, £/,¥) be a probability space. 

Definition 3.1 (White noise). A random variable W : ft — > 2$'(T d ) is a called 
Gaussian white noise if 

(1) for each f G S>(T d ), the random variable uj 1— > (/, W(lS)) is a complex 
Gaussian random variable, 

(2) for all f,g G 2>{T d ) one has 

E((/, W)J^W)) = (f,g) LHTd) . 
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If W : SI @'(T d ) is a Gaussian white noise, then for all / € &{T d ) one has 

\\{f,W)\\ L 2 m = \\f\\ L * { T*y 

Therefore, the mapping / t— > (/, W) uniquely extends to a bounded linear operator 
W : L 2 (T d ) £ 2 (S1). Moreover, W satisfies 

(1) for each / e L 2 (T d ), the random variable Wf is a complex Gaussian ran- 
dom variable, 

(2) for all /, g G ^(T d ) one has 

E(W(/)n%)) = (/, 3 ) i2(Td) . 

Indeed, since 3>(T d ) is dense in L 2 (T d ), (1) follows from the standard fact that the 
L 2 (£!)-limit of a sequence of complex Gaussian random variables is again a complex 
Gaussian random variable, and (2) follows by an approximation argument. 

The following lemma is obvious from the properties (1) and (2) and the fact that 
a complex Gaussian vector is determined by its covariance structure. 

Lemma 3.2. Assume V, W : — > S>'(T d ) are both Gaussian white noises with 
corresponding operators V,W : L 2 {T d ) L 2 (Q). Then (Vf : f G L 2 {T d )) and 
(Wf : / £ L 2 (T d )) are identically distributed. 

For k G Z d , let e k : T d -> C be given by e k (x) = e ik ' x . 

Proposition 3.3. Let {"fk)kez d be a sequence of independent standard complex 
Gaussian random variables. Let W : SI — > 3>'(T d ) be defined by W = J2k£Z d ~fkek 
in 2>'{T d ), i.e. (f,W) = Sfcez7fc/( — Then W is a Gaussian white noise. 
Proof. By [9l equation (3.7)] there is a set fio G srf with P(Oo) = 1 such that 

i := sup | 7 fc|(log(|£f + I))" 172 = sup sup | 7 fe|(log(n d + l))' 1 ' 2 < oo 
fceZ d n>0|fc|=n 

on flo. Therefore, for any / G 2>(T d ) and cj G Slo one has 

\(f,W(u J ))\ = \j2f(-khk(u>)\ <£|/H0ll7*MI 

<cHEE( 1 °g(i A: i' i + 1 )) 1/2 i/(-fc)i 

n>0 fcez 

< e(^) C2 ^(io g (|fc| rf + i)y/ 2 (\k\ + 1)- 2 < c?eH. 

fcez 

where c 2 = su PfeeZd (l + |*|) 2 |/(-*)l and C = c 2 £ fc6Z (log(|A:| d + 1)) 1/2 (N + 1)~ 2 - 
It is well-known that c 2 < X)| Q |<2 ll/IU f° r some constant if (see [5J Theorem 
3.2.9]). Therefore, it follows that W(u) G ^'(T d ) for all w G Ho- To see that it is 
a Gaussian white noise, note that (/, W) is a complex Gaussian and 

E(W)W^)) = = E/(-i)P) = (/,s)L !m . 

fcezjez feez 

□ 

Theorem 3.4. Let W : O — > £F'(T d ) be a Gaussian white noise. 
(1) For aZ/p G [l,oo) one /ias P(W G Sp]^ 2 ^)) = 1. 
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(2) For all p € [2, oo) there exists a constant c v .d such that 

H\\W\\ B -^ m >c p4 ) = l. 

(3) For anyp,qe [l,oo] and s < -d/2 one has P(W £ B s pq (T d )) = 1. 

(4) For anype [l,oo] and q € [l,oo) one /ias P(VF € 2 (T d )) = 0. 

(5) For any p,qe [1, oo] and s > -d/2 one has P(W € Bp, g (T d )) = 0. 

(6) One fetus P(W £ B x d £(T d )) = 0. 

Remark 3.5. Some remarks on the theorem: 

(i) We do not know whether (2) holds for p E [1,2) as well. Applying the 
Hausdorff Young's inequality instead of Parseval's identity is not sufficient 
here. 

(ii) The proof shows that one can take C2 y d = V / 2 3d / 2 — 2~ 3d / 2 in (2). 

Proof of Theorem \3.4\ Before we present the proof we reduce to a particular choice 



of the Gaussian white noise. Let W = J2kez d lk e k in 2#'(T d ). Then by Proposition 
13.31 W is a Gaussian white noise. Let V : il — > S>'(T d ) be an arbitrary white noise, 
and let W and V be as in Lemma [3~2l Fix p,q g [1, oo]. As in (|2.3I) let 

(3.1) Wj(x) = (ipj, x ,W) = W(<fte) and Vj(x) = (tpj,*, V) = Vfo>) j G N. 

Now one has 

||W||Bj ia (T") = I!(2 js V^) j >o|| W (lp(t«)) and 

(3.2) 

II^IIbj 9 (T<J) = II (2 JS Kj)j>o|U"J(if(T'')) 

It follows from fl3T]) and Lemma[32]that (Wj)j> and (Vj)j> (Vj(x) :xeT d ,j£ 
N) and (Wj(x) : x € T d , j € N) are P-identically distributed . Therefore, since each 
Vj and Wj is continuous, an approximation with Riemann sums shows that for 
all neN, (2 J ' S ||T^|| LP(T£!) )™ =1 and (2 J ' s ||V r J || L p (T£i) )™ =1 are identically P-distributed. 
Therefore, 

11(2^11^-11^(^)^11^ = H^II^IL^T^Ulk in P-distribution. 
By (|3.2[) and monotone convergence one obtains that 

||W^||b s (T d ) = ll^lls 3 (T d ) in P-distribution. 
The above shows that below it suffices to consider the situation where 

W= lke k m@'(T d ). 

(1): For each j > 0, one has 

k£Z d 

To show that W € B~H 2 (T d ) note that 

E\\W\\ B - T(Jd) -E(sup2-^/ 2 ||lF,|| LP(T£i) ) < oo. 

To estimate the latter note that by Proposition 12.31 one has 

(3.3) E(su P 2-^/ 2 ||W/,|| iP(T£i) ) < su P 2--" i / 2 E||M/ J || iP(Td) + 3V2pe((oj-)j>o). 

j>0 j>0 
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By ([274]) one has 

mwihnr*) < mmwi^) 1 ^ = [J w^wi^ d X ) 1/p 

, \ 1/2 



1/2 

ii - 1 1 ; * 1 ' 



U P(n) (27r)^(^|^(fc)f 



Since ^-(fc) = if |fe| > 2^' +1 it follows that E||VF,|| iP(Trf) < || 7 i \\ LP{n} (2Tr) d ^ d / 2 
and therefore 

sup2-^/ 2 E||^|| iP(T<i) < ||7i|U P( n)( 2 ^) d/p - 

To estimate the complex weak variances aj of 2 _jd / 2 Wj, let p' € (1, oo] be such 
that i + i = 1. Note that for any / e ^(T d ) with ||/|| iP ' (Tti ) < 1 one has 

Ei(^-,/)i 2 =e| e ^(fc)7 fe /(-fc)| 2 = e bi(*)i 2 i/(-*)i 2 < E \f(- k )\ 2 - 

k£Z d k£Z d \k\<Z>+ 1 

First assume p € [2, oo). In that case by Holder's inequality with 5 = 7 + ^ and 
the Hausdorff- Young inequality we obtain 

( E i/M-)i 2 ) 1/2 <20-+ 3 )^(Ei/(-fc)r) 1/P 

|fe|<2J'+ 1 /cez d 

< 2^ +3)d/r ||/|| LP ' (T<i < 2 (i+3)d/r = 2-(J+ 3 ) d /P2 (: ' +3)d/2 . 
It follows that dj < 2 3!^ / 2 2-W+ 3 ) ^^ /^ , if p e [2, 00) and therefore by (375) and (375) , 

pe(fo)i>i) < 2 d / 2 - d /Ve((2^ d/p ),>o) < oo. 
Next assume p € [1, 2). Then by Holder's inequality one has 
/ - \ 1/2 

( E l/(- fc )l 2 ) < ll/IUw < Cdll/lli,'^) = c d , 

|fc|<2i+ 1 

where C d = (2tt) p~ 5 Therefore, <7j < C d 2- jd ' 2 if 1 < p < 2, and again p0((<Tj)j>i) < 
00. Now (1) follows from (33). 

(2): Since || W\\ B -*/ 2(td) > C2ir) d/p - d/2 \\W\\ B - d/ 2 (Td) it suffices to estimate 

||W / || B -d/2 ( . T£i ^ from below by a constant. For each j > 1 let 

= {k e Z d : 2 J -2 < |fe| < 2 J '+^}. 

Then ^ = 1 on Sj, and the (Sj)j>i are pairwise disjoint. By Parseval's identity 
one has 



2^ d \\W 3 \\l 2(Td) = 2-^E Mfc)7*| 2 > 2- jd E W 



I7fe' 2 



We claim that linx 7 *_ J , 00 2 jd ^TJfces- l^ fe l 2 = 2 d ^ 2 — 2 d / 2 almost surely. Indeed, one 
can write 



2-^Ew 2 = 2 " J ' d E i7 fe i 2 -2-^ e 

k£S ' |/c|<2 j+ 2 |/c|<2 J '~2 
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= 2 3d/2 2 -(j+§)d | 7fc | 2 -2- 3d / 2 2-(- ? '+^ d £ | 7fe | 2 , 

|fc|<2 J+ 7 |fc|<2 3 "7 

and by the strong law of large numbers the latter converges almost surely to 2 3d / 2 — 
2 -3d/ 2 xherefore, we can conclude that 

W\\ B ^„ d) = S up2-^/ 2 ||W,.|| i2(Td) > - 2-3*/2. 

2,ooV J>0 

almost surely. 

(3) : This is clear from the fact that Bp^ 2 (T d ) C 5* )3 (T d ) for any s < -d/2. 

(4) : From the proof of (2) one immediately sees that for all p £ [2, oo) and 
q £ [l,oo), ||W|| B i/2, T< n = 00 almost surely. Indeed, let iV € srf be the set 
of all u) £ fi such that ||W(u;)|| „i/2, rd , < 00. Then for all u> £ N one has 

-Dp 9 (1 ) 

lim 2- jd/2 \\W j (u)\\ LP(r d ) = 0. In (2) we have seen that lim 2' jd/2 \\W j \\ LP(T d ) > 

j—Hx> j— too 

c Pt d on a set f^o of probability 1. Therefore, N C \ fio, and hence iV is a zero set. 

If p = 00 and q £ [1, 00), then taking any 2 < r < 00 one obtain that 
||W|| B i/2 (Td) > C d \\W\\ B i/2 (Td) = 00 almost surely. 

If 1 < p < 2 and q £ [l,oo) we cannot use (2) and we need to argue in a 
different way. Fix integers n > m > 0. For each ui £ £1 one has ||M / (w)|| B i/2^ T<J ^ < 

00 if and only if {2-^ 2 Wj{uj))f =1 has a finite £«(LP(T d ))-norm. The latter is 
equivalent to the convergence of Ylj>o where = 2~ jd9 / 2 ||W / j(w)||* p( . Td j. 

Therefore, by a standard 0/1 law argument (see [7J Corollary 3.14]) it follows that 
P(||VF|| R i/2, Ttn < 00) is either or 1. Assume P(|| W\\ R i/2, Td , < 00) = 1. Then 

tip g (1 ) -Dp ] g (_ J[ J 

one can show that (2~' J ' <i! ' 2 Wj-)^. 1 is a vector-valued Gaussian random variable. In 
particular, it has finite r-th moment for all r < 00 (see [HI Corollary 3.2]). By the 
Kahanc-Khintchinc inequality (see [9j Corollary 3.2]) and (1) we obtain 



1/2 



Since 



it follows that 



fcez d 

1/2 / \ 1/2 



(!>>«l 2 ) a (EO ' *>* 



E||(2-^/ 2 ^)f =1 ||^ (iP(T£i)) = E 2 - Jdg/2 E||W,-|IL (Td) 

i>o 

>™ hiiiip^is^^E 2 ^ 9722 ^ 72 - 

j>0 

Clearly, the latter series is infinite and this gives the desired contradiction. 

(5) : Fix s> -d/2. Since B* q (T d ) C B s l oo (T d ) C B~ d/2 (T d ) for all p, 9 £ [l,oo], 

it suffices to show that W ^ B Y f^ 2 (T d ) almost surely. However, this has already 
been proved in (4) and therefore (5) follows. 

(6) : Since each Wj is continuous, one has 

raU-cr) = ||W,-||c(T-) > 1^(0)1 = 2- jrf/2 | 5>,(*)7i 
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Since the supports of (paj)j>i are disjoint one has that (W3j(0))j>i are independent 
complex Gaussian random variables with values in R. Moreover, 

2- 3jd E|W 3j (0)| 2 = 2- 3 -'' d ^|^(fc)| 2 >2- 3 ^ 12 

kez 2 3j -5<| fe |<2 3j +i 



where c is independent of j. Therefore, 

' K ' J>1 J>1 

almost surely. □ 



\Wf g _ d/2 > S np2-^ d \\W 3j \\l x(T) > sup2- 3 ^|W 3 ,(0)| 5 



The following result characterizes for which exponents (s,p,q) one has W € 
B s p q {T d ) almost surely. 

Corollary 3.6. Let W : fi — > ^'(T d ) 6e a Gaussian white noise. For exponents 
(s,p,q) G M x [l,oo] x [l,oo] i/ie following are equivalent: 

(1) W € ^ 9 (T d ) almost surely 

(2) < —d/2 and p, q € [1, oo]^ or = —d/2 and p € [1, oo) and g = oo^ 
Proof. This follows from Theorem [3U □ 



Another consequence is on the tail behavior of ||TT| 



Corollary 3.7. Let W : Q — s- &'{W l ) be a white noise and let p e [l,oo). there 
are constants M, a > depending on p such that for every r > i/ie following 
inequality holds: 

(3.4) P (|I|W1b-*/»(t«) - M l > r ) ^ exp(-r 2 /(4a 2 )). 

_ffere for M one can take the median of \\W\\ B -d/2^ Jd ^ and for a one can take 

j 2 3d/2 2 -3d/ P if pe \2, oo); 
a ~\ (2tt)*-*, if pe [1,2]. 

In particular, this result implies that W satisfies 

(3.5) Eexp( i i I ||^||^ /2(Td) )<oo 
for all a > a (see Corollary 3.2]). 

Proof. By Theorem 13.41 we can define a mapping Z : fl — >• -B p ,M 2 (T d ) by Z(w) = 
VK(a;). As in [BJ Theorem 5.1] one can show that Z defined by Z(uj) = W(ui) is a 
Gaussian random variable in the sense of [9]. However, note that Z does not take 
values in a separable subset of B p % 2 (T d ) (see [9j p. 60-61]). Now (|3.4j) follows from 
[HI Lemma 3.1]. Moreover, the choice for a follows from the fact that one can take 
a = maxj o~j , where o~j is as in the proof of Theorem 13.41 Note that in [9 , Lemma 
3.1] one has to take into account Lemma |2.2[ because we consider the complex 
situation and this gives a number 4 instead of 2 in the exponential function. □ 

As a consequence one has the following result for the periodic Sobolev spaces. 
For the definition of the Sobolev space H s,p (T d ) we refer to [131 Chapter 3]. 

Corollary 3.8. Let W be a Gaussian white noise on T d . Then 

(1) For all p <= [1, oo) and s < -d/2 one has P(W € H s,p (T d )) = 1. 
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(2) For all p 6 [l,oo] one has P(W £ H- d/2 ' p (T d )) = 0. 

Proo/. (1): This follows from Theorem [53] (3) and ([TT]) . 

(2): This follows from Theorem EH] (4) and ((TTJ. □ 

It would be interesting to know whether the results of this section are valid for 
Gaussian white noises on domains D C R d and on Riemannian manifolds. 

4. White noise and Fourier-Besov spaces on T d 

Let p, q £ [1, oo ] and s £ R. For a distribution / g £F(T d ) consider the following 
Fourier-Besov norm 

ii/Hsj,^) = (£ ( £ (i fc i + ih^(*)/(*f) ,/p ) 1/ '- 

j>0 k£Z d 

Moreover, if p = oo or q — oo, then one needs to use a suprcmum norm in this 
expression. 

Definition 4.1. The Fourier-Besov space b„ JT ) is the space of all f £ &(T d ) 
for which \\f\\t e , w < oo. 

Let 4> and (y>j)j>o be as in Section |2. II The following is an equivalent norm on 
i/ls^or*) = (E( E(l fc l + 1 ) SP l^( fc )/»l P ) 9/ T /9 ' 

j>0 k£Z d 

where if p = oo or q = oo one has to use the supremum norm again. To show the 
equivalence of the norms observe that the estimate |||/|||g s < ||/||g s ( T dj follows 

from the fact that |y>j(fc)l < 1 and <fj{k) = for all k £ 1 which satisfy \k\ > 2 3+1 
or |fc| < 2 J_1 . For the converse direction, we let tp_ 1 = 0. Recall that for all j > 
and k £ % d such that 2^ < |fc| < 2^ +1 one has Em=-i <ft+m(fc) = 1- Therefore, 
by the triangle inequality in and elementary calculations one sees that 

l 

ll% 9 (T«) = (E( E d fc l + 1 ) SP | E 'Pj+mW\ P \f(k)\*) 
j>0 2J — 1 < I fc| < 2J + 1 m=— 1 

1 / 1/ 

^ £ (£( E (ifci + in mm (fc)n/»r) 9P ) 

m=— 1 j>0 2J - 1 < | fc| <2J + 1 

^ £ (E(E(i fc i + 1 ) sp i^+™( fc )i p i/»i p ) 9/P ) 1/9 

m=-l j>0 fcez 

^ 3 (E (E(i fc i + i) sp i^(fc)n/»r) 9/p ) 1/9 = 3i/i^ (T£i) . 

From the above discussion and the Hausdorff- Young inequality one obtains the 
following result which has also been observed in [10] for q = oo. 

Proposition 4.2. Let s £ R and q £ [1, oo]. Letp £ [2, oo] and Zei p' G [1, 2] satisfy 
i + i = 1. T/ien B°,_ q (T d ) ^ b s pq (T d ). Moreover, if p = 2, then Bl q (T d ) = 
b 2 wz£/i equivalent norms. 
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Let 

/x-^ ■/ x-^ - \q/p\ 1 /q 

[/]%, 5 ( Td) (E 2S9J ( E i/( fc )i p ) ) . 

j>0 2J- 1 <|fc|<2J + 1 

where one has to use the supremum norm if g = oo. Then this also defines an 
equivalent norm on b pq (T d ). Indeed, this follows from the fact that for 2 J_1 < 
\k\< V+ 1 one has 

\-V < (\k\ + l) <4-2 J . 
In the calculations below we use this equivalent norm. 

In [lOj it has been proved that the Gaussian white noise as defined in Lemma 
13.31 satisfies W £ b p q (T) almost surely as soon as sp < — 1 . The following result is 
an extension of this result to the sharp exponent and to arbitrary dimensions d. 

Theorem 4.3. Let W : O — > @'(T d ) be a Gaussian white noise. 

(1) For allpe [l,oo) one has F(W € b p d ^ p {T d )) = 1. 

(2) For all p £ [l,oo) there exists a constant c p .d such that 

p ^ w k d ^ p ^ d ) - Cp ^ = h 

(3) For all p,q£ [1, oo] and s < -d/p one has V(\V £ b s pq (T d )) = 1. 

(4) For any p £ [1, oo] and q £ [1, oo) one has P(W £ b p d/p (T d )) = 0. 

(5) For any p,q£ [1, oo] and s > -d/p one has F(W £ b s pq (T d )) = 0. 

(6) One has V(W € ^ )00 (T rf )) = 0. 

The analogue Remark 13.51 (iii) holds for the above situation, this time with 
X = b p % p {T d ) andpe [l,oo). 

Proof. As in the proof of Theorem l3.4[ it is sufficient to consider a Gaussian white 
noise W as defined in Proposition 13. 31 This follows again from Lemma I3T21 and the 
identity W(k) = W(e k ). 

I \ 1 /P 

For p < oo let w JiP = ( X^2J'- 1 <|fc|<2J+ 1 l7fel P ) ■ Then one has 

[ w \y ( t") = \\ 2i " w iA»- 

p,q^ * 

(1) : By the above we can write 

°P,=c 111 ) 

Noting that 

2J- 1 <|fc|<2J + 1 

= 2 d 2 - U+ i }d J2 \ lk \P -2- d 2~^ d J2 \^\ P , 

|fe|<2J' + 1 |fe|<2J- 1 

from the strong law of large numbers we see that 

lim 2"^K- P |P = (2 d -2- d )E| 7l |P, 

j->oo 

almost surely. Therefore, sup J>0 2~3 d / p Wj. p < oo almost surely and this proves (1). 

(2) : It follows from the proof of (1) that [W\-i/ P „ d) > {2 d - 2- d )||7i|| L p (n) 
almost surely, and this proves the result. 
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(3) : This follows from (1) in the same way as in Theorem 13.41 

(4) : This follows from (2) in the same way as in Theorem l3.4l This time p £ [1,2) 
does not have to be considered separately, because (2) holds for all p £ [l,oo). 

(5) : This follows from (2) in the same way as in Theorem 13.41 

(6) : In this case one has 

[W]g, (Td) =sup sup |7fc| = sup |7fc|. 

"> qK j>0 23- 1 <|fc|<2J + 1 feeZ d 

It is well-known that the latter is infinite almost surely (see equation (3.7)]). □ 

The following result characterizes for which exponents (s,p,q) one has W £ 
b s p> g(T d ) almost surely. 

Corollary 4.4. Let W : fl — > ^'(T ) be a Gaussian white noise. For exponents 
(s,p,q) G K x [l,oo] x [l,oo] the following are equivalent: 

(1) W G b s p q (T d ) almost surely 

(2) (^s < —d/p and p,q £ [1, oo]^ or (^s — —d/p and p £ [1, oo) and q — oo^ 
Proof. This follows from Theorem [O] □ 

Another consequence is on the tail behavior of ||W^||g-<f/j>( T <i)- 

Corollary 4.5. Let W : O — > & (W l ) be a white noise and let p G [l,oo). there 
are constants M, a > depending on p such that for every r > the following 
inequality holds: 

(4.1) P (W\ W k-^(T«) - M \ > < exp(-r 2 /(4a 2 )). 

Here for M one can take the median of \\ W\\^-d/p^ d j and for a one can take 

_f 1 z/pe[2,oo); 
U -\ 2 3d /P2~ 3d / 2 , j/pG [1,2]. 

Again this result implies that W satisfies the exponential integrability result in 
(1331) with Bp% 2 {T d ) replaced by bp% p {T d ). 

Proof. This can be proved in the same way as in Corollary 13.71 To calculate the 
(Tj's in this case, let Gj : O — > £ p (Z d ) be given by Gj = 2^^ d ' p J2\k\<2^+ 1 JkUk, 
where (uk)kez d is the standard unit basis of ^ p (Z d ). Then for all a = (ak)kei d m 
£ p (Z d ) with norm < 1, one has that 

E\{G j ,a)\ 2 = 2^ d 

|fc|<2J + 1 

Hence, if p G [2, oo), then ||a||^2( Z <i) < |H|#>'(z<i) < 1, and therefore, Oj < 2~i d l p . It 
follows that a = max.,- aj < 1. If p G [1, 2), then by Holder's inequality 

( E l^| 2 ) 1/2 <2°' +3)d/p 2-^ +3 W 2 ||a||^ (zd) < 2 ^ d 'P2-^ d / 2 . 

|fe|<2J + 1 

Hence CTj < 2 3d / p 2-^ +3 ^ d / 2 and it follows that a = ma Xj ^ < 2 3d / p 2- 3d ' 2 . □ 
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